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ABSTRACT
Dewitt et al. (1973) derived a useful relation between the plasma screening factor
for a reaction of two fusing ions and their chemical potentials, based on the plasma
pair distribution functions. We show that their result can be derived in a simpler,
more straightforward way, by applying the principle of detailed balance, which also
enables us to generalize the relation to reactions involving N fusing ions. In order to
demonstrate the usefulness of applying the principle of detailed balance, we calculate
the screening factor for the pep reaction, p+e+p→2D +νe. For the plasma conditions
near the centre of the Sun, the reaction is suppressed by roughly the same amount by
which the reaction p+ p →2D + e+ + νe is enhanced. This effect may be measured in
the near future.
Key words: nuclear reactions – Sun: general
1 INTRODUCTION
Non-ideal gas corrections to nuclear reaction rates, known
as screening corrections, are significant for sufficiently dense
plasmas (see, e.g., Itoh et al. 1990; Yakovlev et al. 2006;
Calder et al. 2007; Chugunov et al. 2007; Cle´rouin et al.
2019, and references therein). The state of a neutral plasma
composed of ions with mass m and charge Ze, which
are embedded in a background of electrons, can be de-
scribed by its temperature, T , and ion number density,
n. Alternatively, the two dimensionless parameters Γ =
β(Ze)2/a and τ = [27pi4βm(Ze)4/h2]1/3 can be used (e.g.,
Salpeter & van Horn 1969). Here, β = 1/T , a = (3/4piρ)1/3
is the mean ionic distance, and h is Plank’s constant. The
parameter Γ measures the strength of the coupling of the
plasma, and Γ/τ measures the importance of quantum cor-
rections. Similar parameters can be introduced for multi-ion
plasmas (e.g., Itoh et al. 1990). The screening corrections
for the Γ/τ ≪ 1 case, which is the most relevant for ther-
monuclear burning in ordinary stars and in supernovae, was
first calculated by Salpeter (1954), and raised some contro-
versy over the years (see, for example Bahcall et al. 2002).
Dewitt et al. (1973) derived a relation between the plasma
screening factor for a reaction of two fusing ions and their
chemical potentials. Using the pair distribution functions of
the plasma, under the assumption that the ions can be de-
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scribed by classical statistics, they have obtained
f = exp
[
β
(
µC(Z1) + µ
C(Z2)− µC(Z1 + Z2)
)]
, (1)
where Z1, Z2 are the ion charges, µ
C is the Coulomb inter-
action contribution to the chemical potential (µCi = ∂NiF
C ,
and FC is the Coulomb interaction contribution to the
Helmholtz free energy). Later on, Yakovlev & Shalybkov
(1989) provided a somewhat different derivation of Equa-
tion (1), and also provided the screening factor for the triple-
α reaction, with β
(
3µC(Z = 2)− µC(Z = 6)) as the argu-
ment of the exponent. A physical interpretation of Equa-
tion (1) was given by Gruzinov & Bahcall (1998). In brief,
µC(Z1) + µ
C(Z2)− µC(Z1 +Z2) is the Coulomb work, δW ,
done by the plasma as the ions Z1, Z2 are removed and the
composite ion Z1 + Z2 is added. Thus, the relative kinetic
energy of the fusing ions is lower by δW than in the absence
of screening. Therefore, the probability of fusing is increased
by a factor exp(βδW ).
Equation (1) is important for two reasons. First, it
should remove any controversy, if still remains, regarding
Salpeter’s formula (Bru¨ggen & Gough 1997). Secondly, it is
very useful as it allows one to calculate the screening factor
based on the Helmholtz free energy, which is often known
to a high level of accuracy (see, e.g., Potekhin & Chabrier
2000; Potekhin et al. 2009; Chugunov & DeWitt 2009b).
In this paper, we provide a simple derivation of Equa-
tion (1) by applying the principle of detailed balance (Sec-
tion 2). Our derivation allows us to generalize Equation (1)
to N fusing ions (the generalization can also be done by fol-
lowing the arguments of Gruzinov & Bahcall 1998). We also
c© 2018 The Authors
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briefly comment on plasma conditions under which Γ/τ ∼ 1,
where the screening factor of Equation (1) is multiplied by
a correction factor, known as a ’quantum’ correction.
To demonstrate the usefulness of applying the principle
of detailed balance, we calculate in Section 3 the screening
factor of the pep reaction, p+e+p→2D+νe (we are unaware
of earlier derivations). For the conditions near the centre of
the Sun, the pep reaction is suppressed by a few percent.
The pep solar neutrino flux has been measured to ∼ 20%
accuracy (Bellini et al. 2012; Agostini et al. 2017), and the
required accuracy to measure the pep screening suppression
may be reached in the near future (Newstead et al. 2019).
2 DERIVING THE SCREENING
CORRECTION FROM THE PRINCIPLE OF
DETAILED BALANCE
Consider a reaction involving N ion reactants with charges
Zi (i = 1, .., N) and masses mi. We are interested in de-
termining the screening correction to the reaction rate due
to the presence of a plasma, under the assumptions that
(i) Coulomb interactions make a small contribution to the
free energy of the electrons, (ii) all plasma ions are non-
degenerate, and (iii) Γ/τ ≪ 1, meaning that the length
scales relevant for the nuclear process (specifically the de
Broglie wavelength of the fusing ions and the tunnelling
length of particles with Gamow-peak energy) are much
smaller than the Debye length, over which plasma screening
takes place. Under these conditions, the screening correction
(for given plasma parameters) would be the same as for some
hypothetical N ions with similar charges, Zi, masses, mi,
and velocity distributions, that interact to produce a single
ion of charge Zj =
∑
i Zi and a photon,
∑
i ni → nj+γ, and
that the density of which is negligible. The plasma properties
are not affected by the presence of such ions with negligible
density, and the screening correction to this reaction would
be identical to the screening correction of the reaction in
which we are interested.
Two comments are in place here. The first is related to
the assumption that the nuclear interaction length scale is
much shorter than the plasma screening length scale. In or-
der to derive the screening correction, we will assume below
that the inverse hypothetical reaction, nj+γ →
∑
i ni, is not
affected by the plasma. This is valid as long as the screening
of the ions in the final state is not important, which holds
for the case where the nuclear scale is much shorter than the
Debye scale. Note also that in this case ’quantum’ correc-
tions are negligible, i.e. tunnelling is unaffected by screening.
The inclusion of ’quantum’ corrections is briefly discussed at
the end of this section.
The second comment is related to the motivation for
using ’test ions’ of negligible density. In order to derive
the screening factor, we will consider a situation in which
the interacting ions are in thermal equilibrium. The relative
abundances of the ions may differ in thermal equilibrium
from the ion abundances in the plasma under consideration,
which, in turn, may modify the plasma screening. Using ’test
ions’ of negligible density implies that the properties of the
plasma are not affected by their relative abundances. For
non-degenerate ions, the energy and velocity distributions
of the ’test ions’ would be similar to those of the plasma
ions in which we are interested.
Consider, therefore, a thermal equilibrium of the ’test
ions’, in which the reaction
∑
i ni ↔ nj + γ is in balance,
such that
N∏
i=1
ni〈σv〉f = njnγ〈σv〉r. (2)
Here, 〈σv〉f is the forward reaction cross-section (including
factors for identical ions), and 〈σv〉r is the reverse reaction
cross section (note that nγ is usually included in 〈σv〉r, but
for clarity we keep the nγ term). Using Equation (2), we
may write
〈σv〉f = njnγ∏N
i=1 ni
〈σv〉r. (3)
This enables us to derive the screening correction by ex-
pressing the densities nk in terms of the chemical potentials
µk, which satisfy
N∑
i=1
µi = µj . (4)
Writing the free energy as a sum of the free energy of an
ideal gas and a small Coulomb correction, F = F id + FC ,
we have µi = ∂NiF = µ
id
i + µ
C
i . For non-degenerate ions,
µidi = mic
2 + T ln
(
ni
ni0
)
, (5)
where ni0 depends on T and mi. For example, in the non-
relativistic case
ni0 ≡ gi
(
2pimiT
h2
)3/2
, (6)
where gi is the effective number of internal degrees of free-
dom of ion i. Using eqs. (3), (4) and (5) we may write
〈σv〉f =
[
nj0nγ∏N
i=1 ni0
eβq〈σv〉r
]
exp
[
β
(
N∑
i=1
µCi − µCj
)]
, (7)
where q =
∑N
i=1mic
2−mjc2. The first term in square brack-
ets depends only on the plasma temperature and is indepen-
dent of its density (the reverse reaction is not screened, hence
〈σv〉r depends only on T ; here we are using assumption (iii)
as explained above). The second, exponential, term depends
on the density and approaches unity as the density vanishes.
We may, therefore, identify the screening correction as
f = exp
[
β
(
N∑
i=1
µCi − µCj
)]
. (8)
Finally, we note that µCi is the same for the test ions and
for the interacting ions in which we are interested, since for
non-degenerate ions the Coulomb contribution to the free
energy depends only on the charge.
The quantum corrections are associated with the screen-
ing modification of the shape of the interionic potential on a
length scale comparable to the tunnelling length scale, which
affects the tunnelling probability (see, e.g., Itoh et al. 1990;
Chugunov et al. 2007; Chugunov & DeWitt 2009a). To sat-
isfy detailed balance for reactions that take place via a com-
pound nucleus, quantum corrections should be included not
only for the entrance channel, but also for all the decay chan-
nels of the respective state of the compound nucleus. This
MNRAS 000, 1–4 (2018)
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leads to a modification of the branching ratios of the decay
channels in the presence of a plasma. Denoting the partial
width of the nth decay channel in vacuum by γn (with n = 0
for the entrance channel), and the total width by Γ =
∑
n γn,
the quantum tunnelling correction for the nth channel, fqn
(typically fqn < 1), modifies the tunnelling probability and
hence the partial width, which becomes γ˜n = f
q
nγn. The to-
tal width becomes Γ˜ =
∑
γ˜n, leading to a branching ratio
for the nth channel b˜n = γ˜n/Γ˜, which differs from the value
in vacuum, bn = γn/Γ. As a result, the reaction rate for a
given entrance and exit channel is modified by a factor
fq0,n = f
q
0
b˜n
bn
= fq0f
q
n
Γ
Γ˜
, (9)
which should be applied in addition to the factor f given
by Eq. (8).1 That is, the reaction rate in the presence of
a plasma should be multiplied by the combined (classi-
cal+quantum) screening factor ffq0,n. Here, the factor f
q
0 cor-
rects the probability of the compound nucleus formation and
b˜n/bn originates from the modification by quantum correc-
tions of the probability of decay to a given channel n. The
quantum correction factor in this form obviously agrees with
the principle of detailed balance, as it is just the same for
the direct and for the reverse reactions. We plan to consider
the calculation of the fqn factors in a subsequent publication.
3 THE SCREENING CORRECTION FOR THE
PEP REACTION
We would like to calculate the screening factor for the pep re-
action, p+ e+p→2D+νe (Schatzman 1958; Bahcall & May
1969). We first derive the correction for the case of non-
degenerate electrons with de Broglie wavelengths much
smaller than the Debye length. Let us consider then test
particles p˜, e˜, ˜2D and ν˜e with the relevant properties and
negligible density 2. In thermal equilibrium,
n2p˜ne˜Kpep(ne, np, T ) = nD˜nν˜〈σv〉r, (10)
which implies for the rate parameter
Kpep =
nD˜nν˜
n2p˜ne˜
〈σv〉r. (11)
Following the same derivation of Section 2, we find
Kpep =
[
nD0nν0
ne0n2p0
eβq〈σv〉r
]
exp
[
β
(
2µCp + µ
C
e − µCD
)]
,
(12)
where q = (2mp +me −mD)c2 and
nν0 = 16pi
(
T
ch
)3
. (13)
The first term in square brackets depends only on the plasma
temperature and is independent of its density (the reverse
1 For reactions with more than one charged particle at the exit
channel, µCj in equation (8) corresponds to the Coulomb part of
the compound nucleus chemical potential.
2 Alternatively, one may imagine particle physics in which lepton
number is not a conserved quantum number, such that the reac-
tion p˜ + e˜ + p˜ → ˜2D + γ is possible, and repeats the exact same
derivation from Section 2.
reaction is not screened, hence 〈σv〉r depends only on T ).
The second, exponential, term depends on the density and
approaches unity as the density vanishes. Noting that µCp =
µCD, we may identify the screening correction as
fpep = exp
[
β
(
µCp + µ
C
e
)]
. (14)
This derivation is accurate for the case of non-
degenerate electrons with de Broglie wavelengths much
smaller than the the Debye length. For the plasma conditions
near the centre of the Sun, neglecting degeneracy is a good
approximation but the de Broglie wavelength of the elec-
trons is comparable to Debye’s length, λD ∼ h/
√
2pimeT ,
i.e. the assumption that λD ≫ h/
√
2pimeT does not hold.
This may imply that our derivation should be modified, since
we explicitly assume that the reverse reaction is not affected
by plasma screening, and 〈σv〉r depends only on T . This as-
sumption may no longer hold for λD ∼ h/
√
2pimeT despite
the fact that the reverse reaction involves an interaction with
a neutral particle (νe), since the Coulomb interaction of the
outgoing particles (pep) and electron degeneracy should be
taken into account in the calculation of the cross section.
As a result, 〈σv〉r may be affected. However, as explained
below, detailed calculations for the plasma conditions near
the centre of the Sun suggest that Equation (14) holds to
high accuracy (a few percents).
Gruzinov & Bahcall (1997) calculated the rate of 7Be
electron capture for solar conditions by numerically inte-
grating the density matrix equation for a thermal electron in
the field of a 7Be ion and other plasma ions and smeared out
electrons. They found out that to within 1% accuracy, the
effect of screening can be described by the Salpeter enhance-
ment. Simonucci et al. (2013) have later obtained similar re-
sults (to within a few percent agreement) using a different
calculation technique. In fact, Gruzinov & Bahcall (1997)
calculated the deviation from the Salpeter enhancement for
electron capture by ions with charges Z ≤ 6, and specifically
found 1% accuracy for the Z = 2 case, which is relevant for
the second stage of the pep reaction – electron capture by
2He. It follows from the discussion in Section 2, that if the
exact enhancement factor for the direct reaction equals the
Salpeter enhancement, then the rate of the reverse reaction
(neutrino capture) is unaffected by the screening. This sug-
gests that 〈σv〉r is density independent to a high (a few
percent) accuracy for solar conditions.
For the conditions near the centre of the Sun, T = 1.6×
107 K, ρ = 150 g cm−3, Xp = 0.36, XHe = 0.64, where Xi are
the mass fractions, we may take the limit of weak coupling
and ignore the small degeneracy of the electrons. In this
case the Coulomb interaction contribution to the chemical
potential is given by the Debye–Hu¨ckel theory,
µCp = µ
C
e = −1
2
e2
λD
, (15)
where λD is the Debye length,
λ−2D =
4pie2
T
(
ne +
∑
a
naZ
2
a
)
. (16)
The summation includes all background plasma ions (the
’trace’ interacting ions do not contribute). In this case both
µCp = µ
C
e < 0, such that the pep reaction is suppressed
by exp(2βµCp ). This is the same amount by which the pp
MNRAS 000, 1–4 (2018)
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reaction is enhanced, using Equation (8), ≈4.8%. The pep
solar neutrino flux has been measured to ∼ 20% accuracy
(Bellini et al. 2012; Agostini et al. 2017), and the required
accuracy to measure the pep screening suppression may be
reached in the near future (Newstead et al. 2019).
Taking our estimate for the pep screening at face value,
the ratio between the screening factors of the pp and the
pep reactions is larger than unity by ≈10%, which may have
consequences for a detailed modelling of the Sun. For exam-
ple, Bergstro¨m et al. (2016) used the ratio of the pep neu-
trino flux to the pp neutrino flux (with uncertainty of ≈1%)
as a constraint on their solar modelling, since these reac-
tions have the same nuclear matrix element. However, their
procedure assumes that these reactions also share the same
screening, which is incorrect to the level of ≈10%.
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